



































































































































14.7.1 findthelocalmaxima localminima andsaddlepointsofthefunction
f xy x Xy t y 3 3 5

1 findpointofinterest criticalpoint when Fx 0 and Fy O

2 Find D discriminant

1 Fxxc O D O Flab localmaximum

2 Fxx O D O Flab localminimum

3 Dco Flab saddlepoint

Fx 2x y 3 20 Fx 2x y 3

Fy x 24 3 x 24 3 0

solveFy 0 for x Fy x 24 3

x 24 3 0

substitute x 24 3 in theequationFx andsolvefory I y 3
2x y 3 0

21 24 3 y 3 o

44 6 4 3 0 12712 12
3y 9 3

y 3

substitute y 3 in theequationfor x at 3 3

is a criticalpoint

D of ha localmining

2137 3 evaluate F 3,3
x 3 FC3,3 x2 Xy t y 3 3 5

37 1 3113 312 31 31 313 5

4







































































































































14.7.1 findthelocalmaxima localminima andsaddlepointsofthefunction
f xy x t Xy y t 6X 64 6

1 findpointofinterest criticalpoint when Fx 0 and Fy 0

Fx 2x Y 6
Fy x ay 6

2X Y 6 o

x 24 6 0

solveFy O forX
x 24 6
x 24 6

substitute x 24 6 in theequationFx andsolvefory
2x y 6 0

21 24 6 y 6 0

4 12 4 6 0
34 18
y 6

substitute 4 6 in theequationfor X
x Etta
x 6

thus I 6,6 is a criticalpoint

2 Find D discriminant

If I Ex y
a

Fy x 24 6

fyy 2

differentiate fxwith
respectto y

2x y 6
1

12712 12
3

evaluate f 616
FC6,6 X t xx y t 6 64 6

167 16116 6
2 6161 616 6

30

since Fxxso D 0 ffa.at localminimum withvalueof 30







































































































































14.7.3 findthelocalmaxima localminima andsaddlepointsofthefunction
f xy x t XY t 4 54 4

1 findpointofinterest criticalpoint when Fx 0 and Fy O

Fx 2x y 4

Fy x

2 t y 4 o
x 5 0

solveFy 0 forX
X 5 0
x 5

sub X 5 in equation Fx andsolvefor y
2x y 4 0

21 5 y 4 0

Io y 4 0

y 6

sub Y 6 in equation for x
NIA

thus 1 5,6 is a criticalpoint

2 Find D at a b C s 6

If I 3
t y 4

ft I 8
5

differentiate fxwith
respectto y

Y Y 6

2 o 12
1

since DCO Ffs6 hassaddlepoint







































































































































14.7.6 findthelocalmaxima localminima andsaddlepointsofthefunction
f xy x2 4x4 y 64 4

I findpointofinterest criticalpoint when Fx 0 and Fy O

Fx 2X 44
FY 4x ay 6

2X 44
I g4 24 6

solve Fx 0 forX
2X 44 0

2X 44
x 24

sub x 24 in equation Fy andsolvefor y
4 24 6 0

4 2 7 24 6 0

8 24 6 0

ay 6

y 1

sub Y 1 in equation for X
X 24
x 211
x 2

thus 12,1 is a criticalpoint

2 Find D at a b 2,1

Fx 2X 44
Fxx 2

Fy 4 24 6

fyy 2

differenciate fxwithrespectto y
fxy 2X 44

4

212 1412
12

since DCO flail hassaddlepoint






































































































































14.7.11 findthelocalmaxima localminima andsaddlepointsofthefunction
f xy I 12 2 342 8 15 a ax

1 findpointofinterest criticalpoint when Fx 0 and Fy O

Bifferentiate FxandFy set fx o and fye0 pm jizya at six s
gin aux sFx
917 12 2342 8 5

flex4

Bythechainrule

Fy 1

I izxÉÉ six is
O

alias ayesix is
12

Aliya ex ismissis six is

anti n
since fxandFy arenotdefinedwhenthe denominator ay
I 12 2 342 8 15 0 findthe functiontowhich f xy
simplifieswhen I 12 2 342 8 15 0

fix y 1 ax when I 12 2 342 8 15 0

find Fx andFy forthesimplified
versionof f onthisset of points

Fx 4 Fy 0

Both Fxand fy alwaysexistand Fx 4 isneverequal to zero

f x y doesnothaveanycriticalpoints satisfying I 12 2 342 8 15 0

thus only pointswhere Fx o and Fy o need to be considered

it canbeassumed that
I 12 2 342 8 15 0 theequation 34 0 is satisfied for y o

12 2 342 8 15

therefore anycriticalpointof foxy hastheform x o

Xian's
o

in
t owner

substitute y o into fx solveFx 0 for x Taxalias six is a o
4 alias six is a tax

1 alias six is l tax at

12 4 4 0 substitute y o 1611amsix is cexit nitrate
I 12 2 31012 8 15 1922 128 240 1442 aux 16

i1922 32 256 1442

12

4

Ex
ÉS

x I
theft's
zathereisonecriticalpoint at 8,0 13 8and a








































































































































2 Find D at 138,0 112 2 342 8 15 12 12 4 In Yi's is
Fx 4 14122 342 8 151

I izxÉÉÉsx is
1211122 342 ex is YFxx

122 342 8 151312 12 2 342 8 15

3642 196

tofraction
Ansfromsymbolab stoked at convertelement

Fy
I 1253 8 15

Fx i

differenciate fxwithrespectto y
fxy 4

I izxÉÉÉsx is

iz is

evaluate Fxx at 15,0

12 2 342 8 151312
to

Ii.it p f
evaluate fyy at 15,0

fyy 5,0 3112 2 8 15

12 2 342 8 151312

3112155 8151 151 34,4 3121812 310128151 151312

evaluate Fxx at 15,0

Fxx 5,0 3 12 4

12 2 342 8 151312

iz is is

t o p y
to taggevaluate D at 15,01










































































































































findthelocalmaxima localminima andsaddlepointsofthefunction14.7.12

pay 2 Plp Y

2 x2 ya
o 2x

31 2 ya

3 ifya or 2x

31 2 4215

2 x2 ya
o ay
31 2 ya

3T ya I y2 5

sinceFx o when x 0 and Fy o when y o

Thus theonlycriticalpointis o.o

theexpression x2 ya is always z o
thereforethepoint o o is a localmaximum

substitute thepoint o o intotheoriginal function

f xy 2 312 ya
Floo 2 302 02

2

thus thefunctionhasa localmaximum withvalueof 2 at cool









































































































































14.7.15 findthelocalmaxima localminima andsaddlepointsofthefunction
f xy 10 2 2 3 y't 2 4

Find discriminant

20 6 2 24
20 6 2 ay

ay 2X 20 12x

solve Fy o for x 2x 2X

2x 2X 0 2

X y
20 6 2 zy

j

substitute X y in theequationFx andsolvefory 2

20 6 2 24 0

20ft Gtx t 24 0 evaluatethediscriminant at o.o
soy Gy t 24 0 zo 12x 2 22

642 184 0

42 34 0 36

y o 3 sincethediscriminant o andFxx 0

0,0 is a localminimum
substitute y o in theequationfor x
2101 2X 0 evaluatethediscriminant at 3 31

2X 0 zo 12x 2 22

mm

x 0 40 24131 4
36

2131 24 0 sincethediscriminant so
6 2X 0 133 is a saddlepoint
2X 6

X 3 findthevalueofthelocalminimum at 0,01
f xx 10 2 2 3 y't 2 4

Hencethecriticalpoints of thefunctionF 101012 21013 02 21010
are o o and 3 31 o

















































































































































14.7.16 findthelocalmaxima localminima andsaddlepointsofthefunction
f xy x y 3 2 aye 2

cont
3 2 6x evaluatethediscriminant at C73,0

65 67167 18 o
2

342 184 6 18
108

findcriticalpoints setFx 0 and
359,83 2 6X O O

3 1 2 0 34 y 61 0 It is a location

my

x o B 2 y o 6

findthevalve thelocalmaximumatFxo
Hencethecriticalpoints of thefunction f f xy 1313 352 942 2
are o o 10,61 55,0 and3,61

Find discriminant j nai in

o

6 6 6 18
108

342 184

by 18 sincethediscriminant s o II is a saddlepoint

3
2 6x

the localmaximum is c2,01 withvalueof 2
the localminimum is o a withvalueof no

evaluatethediscriminant at o o

68 67167 18 o

n mm

161118

108

evaluatethediscriminant at 0,6
68 6 by 18 o

2

1611181

108

sincethediscriminant o andFxx 0

161 is a Localminimum

findthevalueofthelocalminimum at o al
f xx 03 43 312 942 2

216 324 2












































































































































14.7.21 findthelocalmaxima localminima andsaddlepointsofthefunction
f xx 6

x2 y y

x2 I y a
ex't eco carex yayexate112exit at
ix exit nifindcriticalpoints setFx o and Fy o

x2 na
x

exit's no
y

m

x2 na

iz x2 ya 1 n x 21 2 42 1 2x

1 114 1 2

t

x2 ya 11212 11 2 4211212
12 1 2 42112 x 4 1 2 42 1

x2 ya 11212 x2 ya 11212
12 x2 Y 1 x x x2 Y 11 12 x2 y 111 2 1,1 1 2 42 1

r 1 2441 x r x'tf l

II is

x2 na

ix I 42
11219111 1,4511112

2x 2 2x

x2 42 113

1 54 2 113

evaluate Fxx at 10,0 evaluate Fxx at o oevaluate fry at o o

Fxx10,0 12,1 Fxx1010 it F 1010 exits n
o

evaluatethediscriminant sincethediscriminant o andFxxsofindthevalueofthelocalmaximumat1010
o o is a localmaximumwithvalueof 612 12 02 f xx

x2 42 y144
6









































































































































14.7.23 findthelocalmaxima localminima andsaddlepointsofthefunction
f xy 5y sin x

14.7.26 findthelocalmaxima localminima andsaddlepointsofthefunction
f xy 7ex Gyex

onex

TexGex

ex aex o
I re sex o ex

ex ex z ing

onex
onex

Texbex
Tex
ayexex

eyex ex csexy yayext zoe






































































































































14.7.31 find the absolutemaximumandminimum of
thefunction fix y 2 2 8 42 8 2

ontheclosedtriangularplatebounded bythelines

x o y 4 and y 2x inthefirstquadrant

In
y zx

4 8 0 24 8 0

A B I 2 I
o thepoint 2,4 isontheboundaryof R not on theinterior

therefore it cannotbeconsidered yet

xo now considertheboundary of R onesegmentat a time

onthesegmentOA x o
therefore

F 2 2 88 ya g a

nowfind F oy

filoy 24 8
Flox y 8 2

m

set F lo y 0
computethevaluesof Flo y attheendpoints o.o and 0,4 24 8 0

Flox 42 89 2 Flox 42 84 2 y 4
Floo 2

4 4 correspondstooneoftheendpoints

ofthesegment OA AscomputedaboveFlo4 14

therefore fix4 2 2 8 14

fix x 2 2 8 42 84 2 F'ix4 4 8
Fix4 2 2 8 14

4 8 0
iii

Fix4 2 2 8 14 Fix4 25285 14
Flo4 14

x z correspondstooneoftheendpoints

onthesegmentOB y 2x nowfind F x 2x
therefore

fix x 2 2 8 42 87 2 F'ix2x 12 24

Fix2x 6 2 24 2 set F x 2 1 0
12 24 0

computethevaluesof fix 2x attheendpoints o.o and2,41 X 2

fix2x 6 2 24 2 Fix2x 642 247 2

x z correspondstooneoftheendpoints






































































































































therefore thechoicesforabsolutemaximaandminima of f
overthegivendomainare asfollows

f o.o 2

FC2gs z

t maximum

f 0,4 14
absoluteminimum

14.7.35 Findthe absolutemaxima andminima of thefunctiononthegivendomain

Tixx x xx y ext 2 on therectangularplate oexes ssyso

Foundans on CHEaa

14.8.1 findthepointson the ellipse 3 2 42 1
where f xx xxhasits extremevalues

findthevaluesof x y anda forwhich Of tog and g xy o

of y i t x

findthegradientof g xx 3 2 y2 i o

XTg 6xx i t zxyj

therefore anypointsthatareextremevalues of fix x xx
giventheconstraint 3 2 42 1 0 mustsatisfythe
equation y i t x 6xx i t zxyj

thus thecoordinates ofanysuchextremevaluesmustsatisfy

thescalarequations y 6xx and x 2xx

substitutetheexpressionforxintotheexpressionfory
andsolvefor x

6 2 4 2 16Xx
12 2y

onesolis y o inwhichcasex 0 But o.o doesnotexistintheellipse so y to

solvefor y o

ngg

substitutethevalueof x andsolveforx

y zg g

substitute the expressionforx intotheoriginalequation

y 1224

x If

andsolvefory

I
3 I x t y 1

25 442 y2 1

5 2 1

y Icont tofindthex coordinates substitute into É
o theextrema are y IEsy y
therefore the y coordinates

É d

x I É fixy xx takeson itsextremevalueson the ellipse
x Et is atthefourpoints Eir FEEl Etfs FEI








































































































































14.8.2 findtheextremevaluesof f x y xx subject to the constraint x y 10 0

findthevaluesof x y anda forwhich of togandgix y o

of y i t x

9 2Xxi tax

that extremeawes of faxx xy
giventheconstraint x2 y 10 o mustsatisfythe

findthegradientof g xx x y 10 0

thus thecoordinates ofanysuchextremevaluesmustsatisfy
substitute thevalueof x xx into y 2xx

y 2Xx

y 4 2y substituting xandy into f xy Xy
f xy xy

EYE
o

f xx IF IF
X f xy I 5

x It thustheextremevaluesof f xy xy are 5and 5

x 2XY
x IE y
x I y
substitute thevalueof x I y into g xx 0

x2 y 10
I412 42 10 x IF y coordinates oftheextrema

n

2 5

y2 42 10

substitute x IF into x I Y to findthe x coordinates
x I y
x I IV5
x If X coordinates oftheextrema






































































































































14.8.9 findthedimensionsoftheclosedrightcircularcylindrical can ofsmallest
surfaceareawhosevolume is 1024items

r radius
n n

theequationforthesurfacearea theequationforthevolume
of a rightcircularcylindricalcan of a rightcircularcylindricalcan

It isgiventhatthevolume is 1024it em V tr h 1024it

suppose fcr.nland g rih aredifferentiable Tofindthelocalminimum of f subjectto the constraintof gerh o

findthevalues of r hand x thatsimultaneouslysatisfy theequations of togandgain o

inthiscase fir h zar't ar h andgersh ar h 1024it

find of
fir h zar'tzarh
OF 4 tr t ath i zar

findPg

Pg
applytheLagrangemethodinordertofindthevaluesof r handxiii i TF XTg
usetheequation air Xar note thatthisistruewhenr o but r o ifthevolumeis1024it

so use zitr air tosolve for x

zitr Xtra
z X

x

findhintermsof r usingthefactthat4 tr t ath xzarh and a

4hr 2ith Xzarh
4 tr t ath f 211th
4 tr t ath 4th

4 tr 2 h
h ar

now substitute h ar intotheequation tr h 1024it to findr
tr h 1024it
r ar 1024it

air 1024it 0

zit r3 512 o factorzit

zit r3 83 o factor r 512rewrite512as83
zit 8 8 r or 82 0

r 8

usetheequation h ar tofindh

y

h ar surfaceareawhosevolume is 1024it em has aradiusof 8cm
h 2181 and a heightof 16cm






































































































































14.8.18 findthepoint on thesphere x y 22 9 farthestfromthepoint i 1 i

the distancebetween the point x y z on thesurface g x y z x2 y 22 9

andthepoint c i i i is givenby a function Foxy x fi t y ci t z fi

to maximize f subjecttotheconstraint g

find Of exit Fyi t Fak
of Fxf x c ill't y c i t z cin i

Fyf x c ill't y c ill't z tip

fat x c ill't y c ill't z fi k

of zex til i t zey til acat1 K

find Pg gxitgy tga k
og gx x2 y 22 a i t gy x2 y 22 9 j t ga x2 y 22 a k

og exit exit 22k

find TF XTg
zex 1 i t zay ti acat1 k exit exit 22k

thus text 1 xx
x is xx

XY 212 1 azz
y til xx att Xz

x I xx y I Xy att Xz
x xx 1 y y

Y Xy
2 x2

factor x xx 1 z x2 1

x 1 x 1 211 x 1

x a

substitutethesevaluesintotheequation x2 y 22 a

little lift
F at t it 9

I t t t t 911 X
3 911 X

3 1 X

VI Fx
1 X A

I I

x D thus x I FA









































































yz X 2x
x Exx y 2 25 0

xz If
usexz x

4 2 2

Ix x I1 x y z 25

try as

2 I ay z 2s 2

y ay so
y 2 0

p
so

x y z 25 x y 2 25 x y 2 25 2 1

5

x r
B IO Io

it T

42 712 1 x2 X Xy X

x xx

tofindthehottestpointontheprobe'ssurface where T F 182 442 162 say
withtheconstraint 9 9 2 42 422 20

Find PfandPg
g 9 2 42 422 20

yet Ext Is III 161k Jg isxi taxi t 82k

applytheLagrangemethodinordertofindthevaluesof r handx
TF Xg

sax it 42 t ay 161k X isxi tax t 82K

find X
36 1 X isxi
x 2 or x 0

find z intermsof y using 2 2
42 xzy
z y
since z y findy
ay 161K X82K
y 4 22
Y 42 4

2 4 Y
z y











































